In this paper finite bcc lattices are defined by a triple of vectors in two different ways -upper triangular lattice form and compact form. In Appendix A are lists of some 260 distinct and useful bcc lattices of 9 to 32 vertices. The energy and magnetization of the S = 1/2 XY ferromagnet have been computed on these bcc lattices in the lowest states for Sz = 0, 1/2, 1 and 3/2. These data are studied statistically to fit the first three terms of the appropriate finite lattice scaling equations. Our estimates of the T = 0 energy and magnetization agree very well with spin wave and series expansion estimates.
Introduction
The physics of quantum spin systems on lattices of d = 1, 2 and 3 dimensions has been much studied for several decades. Several different models have been studied including the Heisenberg antiferromagnet, the t-J model, the Hubbard model, the spin fermion model, the spin-orbital model and the XY ferromagnet. There are several different methods to study quantum spin models, especially in one dimension. It is easiest to study three-dimensional spin models precisely at high temperatures, and zero temperature is second easiest by some methods. While experiments never reach T = 0, several do work at extremely low temperature. In three dimensions, as opposed to two dimensions, the zero temperature properties are very similar to those at very low temperature.
Useful methods to study quantum spin models such as the S = 1/2 Heisenberg and XY models at T = 0 in three dimensions (d = 3) include series expansion, [1], [2] , spin wave, [3] , [4] , [5] , and variational [6] methods (many other references could be cited). The S = 1/2 Heisenberg antiferromagnet is generally regarded as the most important quantum spin model on a lattice, and studies of this model in one, two and three dimensions are very numerous. However, the spin one-half XY model is also quite important as it is the simplest fully quantum mechanical lattice model. Recent (1999) examples have used quantum Monte Carlo and/or finite lattice method on the square lattice [7] , [8] , [9] . In this d = 3, T = 0 regime we use the latest method -exact diagonalization of quantum spin models on finite three dimensional lattices [10] , [11] , [12] .
Each finite lattice in three dimensions can be derived from one or more parallelepipeds. Such a parallelepiped can be defined by three edge vectors in such a length and direction as to have a lattice vertex on each of the eight parallelepiped corners. Thus a set of identical, regularly packed parallelepipeds will completely fill the infinite lattice -a "three dimensional tiling". A d = 3 lattice is formed by identifying each pair of opposite faces of the parallelepiped as being one and the same face. More detail is described in Section 2 below. In particular, the very useful upper triangular lattice form is described in Section 2.
Section 3 describes the generation of finite bcc lattices that can be used for ferromagnetic models. The number of such bcc lattices of N ≤ 32 vertices is an order of magnitude greater than the number of bipartite lattices needed for the study of an antiferromagnetic model. This section also explains the geometric imperfection, I G , of finite lattices. If I G /N for a specific finite lattice is too large, that finite lattice is not used. An N = 15 example of a bcc lattice is shown in Fig. 1 . The description of all the useful bcc lattices used is listed in Appendix A. Each distinct lattice is labelled N.i. Section 4 describes the computation of physical properties of the S = 1/2 XY ferromagnet on finite bcc lattices in the ground state and in the first excited state. Thousands of hours on the powerful computer at the University of Magdeburg were used to compute the physical properties of the S = 1/2 XY ferromagnet on all the finite bcc lattices used. Specifically we needed about seventy hours to calculate the eigenstate of the largest Hamiltonian (N = 32) using an SGI Power-Challenge with 2GB of memory. The detailed results are shown in Appendix B.
In Section 5 statistical analysis estimates the T = 0 properties of the S = 1/2 XY ferromagnet on the infinite body-centred cubic lattice. The data for physical properties of this model on finite bcc lattices are statistically analysed in order to obtain the estimates of the first two or three coefficients of the appropriate finite lattice scaling equation. The results are displayed in Tables 2, 3, 4 and 5. Summary, conclusions and outlook are described in Section 6.
Definition of finite bcc lattices
This process has been described in an earlier paper [12] but some aspects, new or repeated, will be displayed here. The infinite bcc lattice can be defined by any three of the four primitive vectors:
a 1 = (1, 1, 1), a 2 = (1, 1, −1), a 3 = (1, −1, 1) and a 4 = (−1, 1, 1)
The infinite bcc lattice can be "filled" (the three dimensional analogy of "tiled" in two dimensions) by any one of several sets of an ascending number of identical parallelepipeds. Such a parallelepiped is defined by three edge vectors,
in which each n αβ is an integer. Each of three integers n α1 , n α2 and n α3 are odd or each are even. A finite bcc lattice can be derived from any bcc parallelepiped defined by (2) by applying a full set of three periodic boundary conditions. That is, each pair of the opposite faces of the parallelepiped are defined to be identical. In other words, each finite lattice is the three dimensional analogue of a two dimensional torus. Figure 1 provides a concrete example, a parallelepiped that is turned into a finite bcc lattice with fifteen distinct vertices. The original parallelepiped's eight corners are labeled C 1 , C 2 ... C 8 . The four vertices on four of the twelve edges of the parallelepiped are labeled E 1 , E 2 , E 3 and E 4 , and the two vertices on one pair of opposite faces of the parallelepiped are labeled F 1 and F 2 . This parallelepiped contains also twelve internal vertices we could label as A, B, D, G, H, I, J, K, L, M, N and P. However, it appears simpler not to show these internal vertices in Figure 1 . The three defining edge vectors from C 8 to C 1 , C 2 and C 3 respectively are
By identifying the three pairs of opposite faces of this parallelepiped, i.e. applying periodic boundary conditions, the two face vertices F 1 and F 2 become F, the four edge vertices, E 1 , E 2 , E 3 and E 4 become one other vertex E, and the eight corner vertices C 1 , C 2 , ... C 8 are all now the single vertex C. The finite bcc lattice thus formed contains fifteen vertices A, B, C, D, E, ... P. A finite lattice has no faces, edges nor corners, and all vertices have the same geometric environment.
In fact, a typical finite lattice can be derived from any one of several parallelepipeds and thus it might appear to be several distinct finite lattices. However, it has been proved by Lyness et al [13] that, in effect, each parallelepiped in any number of dimensions, d, defined by a matrix in upper triangular lattice form (utlf) will, upon complete application of periodic boundary conditions, form a unique finite lattice.
A d-dimensional utlf matrix, L t , must satisfy the following criteria: In particular, in an unbounded three dimensional lattice, the defining utlf matrix is
where the L t i are the defining vectors. Furthermore, on the infinite bcc lattice defined by the above primitive defining vectors a β , the number of vertices, N, in a finite utlf description of a finite bcc lattice requires
Since L 
Generation of finite ferromagnetic bcc lattices
From equations (1) and (2) it is clear that, in each of the three vectors defining a finite bcc lattice, each of its components are odd or each are even. For a bipartite finite bcc lattice, all components of each of the defining vectors are even. In a recent paper [12] on the S = 1/2 Heisenberg antiferromagnet using exact diagonalization on bipartite lattices only (of course), we found a total of forty useful bipartite bcc lattices with 16 ≤ N ≤ 32 vertices. The defining vectors are listed in Table 2 of that paper. The smallest bcc bipartite lattice of use has N = 16 vertices so that each vertex would have a complete set of nearest neighbours on the other sublattice. The large diagonalization time on the computer meant that bipartite lattices of N > 32 would not be useful.
In this paper on the S = 1/2 XY ferromagnet exact diagonalization can be used on all finite bcc lattices. Furthermore we felt that finite lattices of as few as N = 9 vertices would sometimes be suitable as each vertex would have a complete set of eight neighbours. Nevertheless more often finite bcc lattices need to have N ≥ 15 so that each vertex would have a complete set of second neighbours also.
Here we show in Table 1 that for 9 ≤ N ≤ 25 there is a total of 72 odd-N bcc lattices, for 10 ≤ N ≤ 26 there is a total of 125 even-N bcc lattices. Only 13 of these 125 bcc lattices are bipartite and therefore usable for exact diagonalization of Hamiltonians of antiferromagnetic models. However, for 16 ≤ N ≤ 32 there are 40 bipartite bcc lattices -enough to use in the statistical estimates of the properties of the S = 1/2 Heisenberg antiferromagnet at T = 0.
In Table 1 we also show that for 9 ≤ N ≤ 32 there are 156 odd-N bcc lattices and 306 even-N bcc lattices, of which 181 have N = 28, 30 or 32 vertices. For computation time purpose we decided not to include so many more even-N bcc lattices. In the last double column, the numbers of the finite bcc lattices most useful for the exact diagonalization method are listed.
The geometric criterion we used to get rid of a minority of poor lattices is that the geometric imperfection, I G , of each lattice divided by N should be less than 0.35. Geometric imperfection, for finite simple cubic lattices, was first introduced by Betts and Stewart [10] . In an infinite bcc lattice each vertex has geometrically N 1 = 8 nearest neighbours, N 2 = 6 second nearest neighbours, N 3 = 12 third, N 4 = 24 fourth, N 5 = 8 fifth, ... N k of k th neighbours. We can call these "shells" of neighbours about any vertex. In a finite lattice with an odd number, N, of vertices one vertex, labelled A, is chosen arbitrarily and temporarily as a centre or origin. The geometric imperfection of 4 can occur in two ways: a) if shell k − 1 has N k−1 − 2 vertices, the shell k has N k vertices and the shell k We have a computer program that can obtain, in utlf form, all finite lattices of any number of vertices, N, on any infinite bipartite lattice in two or three dimensions. The program can also yield for each finite lattice the geometrical imperfection, I G , the topological imperfection, I T , the rotational symmetry in Schoenfliess notation, S, and whether or not the finite lattice is bipartite. ( The topological imperfection is not used in this article, but it was described in our previous paper [12] ). If we were studying a Heisenberg antiferromagnet only bipartite finite lattices could be used. However, as we have been studying an S = 1/2 XY f erromagnet on the infinite bcc lattice we could and did use both bipartite and nonbipartite finite bcc lattices of even N and also finite bcc lattices of odd N vertices.
After considerable computing and statistical analysis we decided that only those finite bcc lattices with I G /N < 0.35 should be used. The finite bcc lattices must have at least N = 9 vertices, otherwise no vertex would have a complete set of eight nearest neighbours. We stopped at bcc lattices of N = 32 because diagonalization of Hamiltonians on lattices with more than 32 vertices would require an excessive amount of computer memory and especially time. The finite bcc lattices now suitable are described in Tables  A1, A2 4 Computation of physical properties of the S = 1/2 XY ferromagnet on finite bcc lattices
The Hamiltonian of the spin one-half XY ferromagnet in zero magnetic field is
where the sum is over nearest neighbour pairs of vertices. It was proved by Lieb and Mattis [14] that the ground state of this model on an infinite three-dimensional lattice has total spin component in the z direction equal to zero and is nondegenerate. The first excited state has the z component of the total spin equal to one or minus one. Later it was proved by Kennedy et al [15] and Kubo and Kishi [16] that this model has long range order, m
x >, in the ground state (and obviously for T < T c ).
All of the finite bcc lattices are translationally invariant and invariant under inversion, so this simplifies the diagonalization of the Hamiltonians. On the even-N bcc lattices the ground state Hamiltonian submatrix has the z component of the total spin S z = 0. The first excited state submatrix has S z = ±1. On the odd-N bcc lattices the ground state has the z component of the total spin S z = ±1/2. The first excited state has S z = ±3/2. In the Hamiltonian diagonalizations we use the submatrices with positive S z 's.
On each of the submatrices of the Hamiltonian the ground state energy and its corresponding eigenvectors have been calculated. The Lanczos technique used in the diagonalization is standard [17] . On the even-N bcc lattices we computed on the S z = 0 submatrix the ground state energy E 0 = Nǫ 0 and on the S z = 1 submatrix the first excited state energy, E 1 = Nǫ 1 . Using the ground state and first excited state eigenvectors we computed the square of the magnetizations in the spin-space X direction, < m On all odd-N bcc lattices of 9 ≤ N ≤ 31 we computed on the S z = 1/2 Hamiltonian submatrix the ground state energy E 1/2 = Nǫ 1/2 and on the S z = 3/2 submatrix the first excited state energy E 3/2 = Nǫ 3/2 .
If any two geometrically distinct finite bcc lattices have the same ground state and first excited state energies then they are topologically identical, and only one of them would be used. The computed results are listed in Tables B1 and B2 for all finite bcc lattices used.
In Table B1 we show the dimensionless energies per vertex, ǫ s , for the S z = 1/2 ground state, the lowest excited S z = 3/2 state energy and the ground state magnetization squared on all odd-N bcc lattices of 9 ≤ N ≤ 31, for which I G /N < 0.35. The total number of such bcc lattices is 120; of these odd-N lattices 33 have more than 28 vertices.
In Table B2 we also show ǫ s for the S z = 0 ground state, the lowest S z = 1 state energy and the ground state magnetization squared on all even-N bcc lattices of 10 ≤ N ≤ 26 and for which I G /N < 0.35. There is a total of 108 such lattices. Among these lattices only 13 are bipartite and hence suitable for exact diagonalization of the Hamiltonians of antiferromagnets such as the S = 1/2 Heisenberg antiferromagnet [12] .
Of even-N bipartite lattices with N = 28, 30 or 32 for which I G /N < 0.35 there are only 27. However, there are 99 nonbipartite bcc lattices of 28 ≤ N ≤ 32. It would thus have taken, for these lattices, several thousands of hours of computer time to diagonalize all the S z = 0 and S z = 1 submatrix Hamiltonians of the S = 1/2 XY ferromagnet. Thus we use only the bipartite bcc lattices in this range.
Statistical analysis of these data will be described in the next section. The purpose is to derive the T = 0 physical properties on the infinite bcc lattice. 5 Statistical analysis estimation of the T = 0 properties of the S = 1/2 XY ferromagnet on the infinite body-centred cubic lattice
In order to estimate any physical properties of the S = 1/2 XY ferromagnet on the infinite bcc lattice, using the exact diagonalization data for that property on the finite bcc lattices, one must fit the data statistically to the appropriate finite lattice scaling equation. The independent variable in such equations is L −1 defined by L 3 = N, the number of vertices. For example, the energy of the XY ferromagnet finite lattice scaling equation for any total spin S z (or for simplicity below, s) is in three dimensions
Such scaling equations are explained carefully in the paper by Hasenfratz and Niedermayer [18] , and earlier papers on this matter [19, 20, 21] are cited therein. Oitmaa et al [2] used both series expansions and spin wave methods on the S = 1/2 Heisenberg antiferromagnet on the simple cubic and bcc lattices to obtain estimates of the first term and the second term of equation (7). They obtained estimates of the ground state energy per vertex, ǫ 0 (∞) from the first term and spin wave velocity, v, from the second term.
In the pioneering application of the method of exact diagonalization of the finite lattices of the S = 1/2 XY ferromagnet on simple cubic lattices [10] it was quickly noticed that the curve fitting the ǫ 1/2 data from odd-N simple cubic lattices was definitely above the curve fitting the ǫ 0 data from even-N lattices. Moreover, here we also have data for ǫ 1 on even-N and ǫ 3/2 on odd-N bcc lattices. It is clear that while on finite lattices ǫ 1 > ǫ 0 and ǫ 3/2 > ǫ 1/2 , on the infinite lattices one should expect
Similarly, we should expect A on the infinite lattices in three dimensions. Clearly we do not study the energies, E s , of the S = 1/2 XY ferromagnet (or other models) but the dimensionless energies per vertex, ǫ s = E s /NJ. Nevertheless, on finite lattices ǫ s depends on both the number of vertices, N, and the geometric arrangement of those N vertices on these finite bcc lattices so our energy density label is ǫ s (N.i).
Our statistical analyses have used sets of ǫ s (N.i) data for N ≥ 15, which means that in each finite bcc lattice each vertex can have a complete shell of nearest neighbours and a complete shell of second nearest neighbours. As an example of the scatter of the ground state energy per vertex, ǫ 1/2 (N.i), of the S = 1/2 XY ferromagnet in each of nine sets of vertices 15 ≤ N ≤ 31 is displayed in Figure 2 . Notice that a small number of the points in each of the nine sets of clusters are "outriders" relatively far from the centre of the cluster and are not statistically useful. Statistical analysis of these data determines the numerical coefficients of equation (7) and hence the curve in Fig. 2 . We also exclude data from finite lattices for which the geometric imperfection, I G ≥ 0.35. Clearly the smaller sets of data are better because the statistical estimates of ǫ s (∞) and of A s 4 are considerably closer to one another when N ≥ 15 than they are when N ≥ 9 data are used. Accordingly in Table 2 we display only the statistical estimates obtained using data of N ≥ 15 and I G < 0.35.
In Table 2 we have displayed ǫ s (∞), A We must conclude that the ǫ N b (∞) average estimate, using some two hundred nonbipartite lattices, is more accurate than ǫ B (∞) using only forty bipartite lattices. As is known [18] , the second coefficient, A s 4 , of the finite lattice scaling equation is independent of s. In Table 2 Table  2 shows the accelerating increase of A s 6 from s = 0 to s = 3/2. According to Oitmaa et al [2] and others [18] , [19] , [20] , on the bcc lattice −A 4 = βv/2 where the geometric shape factor β = 2.1104607 and v is the spin wave velocity. Using the average estimate of A 4 we obtain v = 2.15(2). (Oitmaa et al [2] give β for the bcc lattice as different by a factor of 2 4/3 from what we show here. This is due to the fact that they use L 3 = N/2 where we use L 3 = N.) Because we have used approximately two hundred and sixty finite lattices of 15 ≤ N ≤ 32 vertices, we would fully clutter any figure with so many points. However, we can insert a much smaller set of points (together with curves) in our figures and thus avoid clutter. For each N there is a subset of exact diagonalization values; the averages only of these physical properties provide points in the appropriate figure. Such a figure will also contain one or more curves representing the finite lattice scaling equation determined statistically by using all useful data not just the averages at each N. Figure 3 is an example with four curves representing scaling equation (7), S z ≡ s = 0, 1/2, 1 and 3/2, and about 40 averaged points, ǫ s (N) = ǫ s (N.i) . Which points with which S z is shown in the upper right Fig. 3 . For even N we have used only the data for nonbipartite lattices.
All the curves in Fig. 3 reach the same point, ǫ(∞), on the vertical axis. Furthermore, each of the four curves has the same slope, A 4 at 1/L 4 = 0. However, the curvature increases rapidly with S z . These effects demonstrate the data in Table 2 .
For each of three reasons it is certain that A s 6 is not independent of s. First, from Table 2 it is clear that A curvature the larger S z is. Finally, Hasenfratz and Niedermayer [18] show that
In three dimensions this means that ǫ 1 (∞) − ǫ 0 (∞) = 0 and that A 
with the same form for odd-N. This shows that D 0 = D 1 = ... D 5 = D 7 = 0. These data also show that D 6 and D 8 are not equal to zero. After observing graphs and examining Table 3 we believe that the two-term scaling equations are best.
Based on the average of the three of our ratios in Table 3 The susceptibility, χ ⊥ , is defined as χ ⊥ = 1/2D 6 = 1/D ′ 6 according to Hasenfratz and Neidermayer [18] . Using Table 3 these coefficients in the column of two terms the estimates of χ ⊥ are 0.1176 and 0.1175 so we take the average χ ⊥ = 0.1176 (4) . Without calculating the spin stiffness, ρ s , directly, but using the data above, ρ s = v 2 χ ⊥ = 0.55(4). Now we turn to the magnetization. Oitmaa et al [2] , following Neuberger and Ziman [20] , determined by effective Lagrangian theory that the second term in the finite lattice scaling equation for the staggered magnetization is proportional to L d−1 . Thus for the Heisenberg antiferromagnet in three dimensions the finite lattice scaling equation for the staggered magnetization is
In our paper [12] on the S = 1/2 Heisenberg antiferromagnet on the bcc lattices we found via our statistical analyses that m
The XY ferromagnet on bipartite lattices has a magnetization, m ⊥ (L), that is identical to the XY antiferromagnet's m + . Thus we expect the same finite lattice scaling equation for m ⊥ (L) on the set of all bcc lattices. The data that we list in Appendix B is the magnetization squared in the X spin space direction. We decided later that it was more convenient to deal with m ⊥ so the data were converted according to m ⊥ = 2m 2 x . Our statistical analyses of the magnetization of the S = 1/2 XY ferromagnet on bcc lattices found that the finite lattice scaling equation for the magnetization, m ⊥ , is indeed of the same form as (11) . (Our guess is that a fourth term might well be B 6 /L 6 .) Table 4 : Statistical results of fitting equation (11) 0.5 Table 4 shows that the estimates of m ⊥ (∞) and B 2 using the bipartite even-N lattices are closer to the estimates of the same properties using the odd-N lattices than those using the nonbipartite even-N lattices. This may be due to the fact that the latter data stop at N = 26 while the first two go to 31 and 32 respectively. Equation (52) in Oitmaa et al [2] implies that
for the Heisenberg antiferromagnet in three dimensions. Σ is their m + (∞) and γ is another shape factor. As m ⊥ scales the same as m + , there is no reason why (12) shouldn't apply for m ⊥ and we obtain a means to check our earlier result for ρ s . In our notation, (12) becomes
where m ⊥ (∞) = 0.480, B 2 = 0.29 (averaging from the top two estimates of Table 4 ), γ = 0.1792055 (from [2] ) and v = 2.16, our earlier result (again, our value of γ is a factor of 2 2/3 different from that given in [2] , for the same reason as stated before concerning β). This gives us a second estimate of ρ s = 0.64. This agrees quite well with our earlier estimate of ρ s = 0.55 given the indirect route of each estimate.
After statistically analysing the magnetization data to estimate the coefficients m ⊥ (∞), B 2 and B 4 in finite lattice scaling equation (11) the question arises as to whether some of these coefficients, like the coefficients ǫ(∞) and A 4 in (7), are independent of the spin state of the data. Compared with the energy per vertex, there is not the same physical importance to study m ⊥ finite lattice data above the ground states, S z = 0 for even-N and S z = 1/2 for odd-N lattices. Nevertheless, after studying the L 6 (ǫ s − ǫ s−1 ) finite lattice data we decided to study L n (m ⊥,0 − m ⊥,1 ) data. For m ⊥,1 we had data only for bipartite bcc lattices of 16 ≤ N ≤ 26. We soon found that n = 6 was the appropriate exponent of L above, and that in the finite lattice scaling equation (11) , as well as our small amount of data showed. We then used a scaling equation analogous to (9), namely
We found that with two terms in (14)
If it were of greater physical interest we could readily compute many m ⊥,3/2 data and more m ⊥,1 data especially on nonbipartite even-N finite bcc lattices.
Summary, conclusions and outlook
Following our earlier paper [12] on the S = 1/2 Heisenberg antiferromagnet on finite even-N bipartite lattices, we have here extended the generation of finite bcc lattices to include all nonbipartite lattices, of 9 ≤ N ≤ 31 odd lattices and of 10 ≤ N ≤ 32 even lattices. We have found it useful statistically to delete the small fraction of these lattices for which the geometric imperfection, I G , is greater than or equal to We used the same type of statistical analyses of the data described above as we had used in our previous paper [12] . The energy data statistically fitted to the appropriate three-term finite lattice scaling equation provided some interesting results. First Table 2 shows that within confidence limits ǫ s (∞) is independent of the spin S z for at least S z = 0, 1/2, 1 and 3/2. Furthermore, A [18] . The spin wave velocity, v, is determined by A 4 , and the susceptibility, χ ⊥ , is determined by D 6 . Hence the spin stiffness, ρ s , is also estimated.
Turning to the magnetization per vertex, m ⊥,s , we calculated only the data for m ⊥,0 (N.i) and m ⊥,1/2 (N.i) for N ≤ 32. There are two reasons for not obtaining such data for S z (= s) > 1/2. First, because it is obvious and well known that m ⊥,0 (∞) = m ⊥,s (∞). Second, because there is no known physical property analogous to the susceptibility obtained by studying
At this point we compare our estimates of ǫ 0 and m ⊥ with spin wave and series expansion results of Oitmaa et al [2] . Unfortunately, they have not included additional terms in the scaling equations. Our average of exact diagonalization estimates of ǫ s (∞) is within 1% of the results of second order spin wave and a seven term series expansion. Our average estimate of m ⊥,s (∞) is within 2% of second order spin wave and series expansion results. All three methods could be used further to obtain more precise estimates of energy, magnetization, etc..
Powerful computers are evolving rapidly with memory getting larger, calculations getting faster, etc. These advances will prove particularly advantageous for the method of exact diagonalization of Hamiltonians on finite lattices at zero temperature vis-a-vis other methods such as spin wave. This exact diagonalization method is especially useful in three dimensions at zero temperature where some other methods may not work so well. Soon the exact diagonalization method will be a feasible way to study at high precision models with three states per lattice vertex -spin 1 antiferromagnets, the t-J model, Hubbard model, etc. Of course, the exact diagonalization study of models with two states per vertex will obtain still more precise estimates of the physical properties at zero temperature. The finite three-dimensional lattices used so far are the three simplest: simple cubic, bcc and fcc lattices with complete cubic symmetry and only one vertex per unit cell. As computers advance various models on other lattices of lower symmetry and/or more vertices per unit cell could be studied. For example, perovskite lattices, for many maganites, have eight vertices per unit cell. The exact diagonalization method on finite lattices could eventually work on simple models of two states per vertex but at finite temperature. Much more can be just over the horizon.
Appendix A: Geometric properties of finite bcc lattices
Each different bcc lattice is labelled N.i where N is its number of vertices and i is the index distinguishing lattices of the same N. Table A1 . Finite bcc lattices with an odd number of vertices, 9 ≤ N ≤ 31
( 1, 1, 7) ( 0, 2, 4) ( 0, 0,18) 0 11. 15 ( 1, 1, 7) ( 0, 2, 4) ( 0, 0,22) 0 13.17
( 1, 1, 7) ( 0, 2, 4) ( 0, 0,26) 2 13.18
( 1, 1, 9) ( 0, 2, 4) ( 0, 0,26) 0 15. 19 ( 1, 1, 7) ( 0, 2, 4) ( 0, 0,30) 4 15. 20 ( 1, 1, 9) ( 0, 2, 4) ( 0, 0,30) 2 15.21
( 1, 1,11) ( 0, 2, 4) ( 0, 0,30) 2 15.28
( 1, 1, 9) ( 0, 2, 6) ( 0, 0,30) 2 15.30
( 1, 1,13) ( 0, 2, 6) ( 0, 0,30) 2 15.38
( ( 1, 1, 9) ( 0, 2, 4) ( 0, 0,46) 6 23.29
( 1, 1,11) ( 0, 2, 4) ( 0, 0,46) 0 23.30
( 1, 1,13) ( 0, 2, 4) ( 0, 0,46) 2 23.31
( ( 1, 3, 5) ( 0,10, 0) ( 0, 0,10) 2 27.33
( 1, 1,11) ( 0, 2, 4) ( 0, 0,54) 4 27.34
( 1, 1,13) ( 0, 2, 4) ( 0, 0,54) 2 27.35
( 1, 1,15) ( 0, 2, 4) ( 0, 0,54) 6 27.36
( 1, 1,17) ( 0, 2, 4) ( 0, 0,54) 4 27.39
( 1, 1,23) ( 0, 2, 4) ( 0, 0,54) 2 27.49
( 1, 1,15) ( 0, 2, 6) ( 0, 0,54) 4 27.51
( 1, 1,19) ( 0, 2, 6) ( 0, 0,54) 2 27.52
( 1, 1,21) ( 0, 2, 6) ( 0, 0,54) 4 27.53
( 1, 1,23) ( 0, 2, 6) ( 0, 0,54) 4 27.54
( 1, 1,25) ( 0, 2, 6) ( 0, 0,54) 4 27.62
( 1, 1,13) ( 0, 2, 8) ( 0, 0,54) 4 27.66
( 1, 1,21) ( 0, 2, 8) ( 0, 0,54) 8 27.68
( 1, 1,25) ( 0, 2, 8) ( 0, 0,54) 2 27.81
( 1, 1,23) ( 0, 2,10) ( 0, 0,54) 4 27.91
( 1, 1,15) ( 0, 2,12) ( 0, 0,54) 8 27.94
( 1, 1,21) ( 0, 2,12) ( 0, 0,54) 6 27.124
( 1, 1,25) ( 0, 2,16) ( 0, 0,54) 4 27.136
( 1, 1,21) ( 0, 2,18) ( 0, 0,54) 8 27.2354
( 1, 1, 5) ( 0, 6, 0) ( 0, 0,18) 2 27.2396
( 1, 1, 5) ( 0, 6, 6) ( 0, 0,18) 0 27.2399
( 1, 1,11) ( 0, 6, 6) ( 0, 0,18) 4 27.2549
( 1, 3, 3) ( 0, 6, 0) ( 0, 0,18) 4 27.2550
( 1, 3, 5) ( 0, 6, 0) ( 0, 0,18) 2 27.2594
( 1, 3, 9) ( 0, 6, 6) ( 0, 0,18) 2 27.14309 ( 3, 3, 3) ( 0, 6, 0) ( 0, 0, 6) 0 29. 35 ( 1, 1,11) ( 0, 2, 4) ( 0, 0,58) 4 29.36
( 1, 1,13) ( 0, 2, 4) ( 0, 0,58) 2 29.37
( 1, 1,15) ( 0, 2, 4) ( 0, 0,58) 4 29. 38 ( 1, 1,17) ( 0, 2, 4) ( 0, 0,58) 6 29. 39 ( 1, 1,19) ( 0, 2, 4) ( 0, 0,58) 4 29. 41 ( 1, 1,23) ( 0, 2, 4) ( 0, 0,58) 8 Table A2 . Finite bcc lattices with an even number of lattices, 10 ≤ N ≤ 26 ( 1, 1,11) ( 0, 2, 6) ( 0, 0,44) 4 22.28
( 1, 1, 9) ( 0, 2, 4) ( 0, 0,44) 5 22.66
( 1, 1,13) ( 0, 2,10) ( 0, 0,44) 5 22.69
( 1, 1,19) ( 0, 2,10) ( 0, 0,44) 5 22.42
( 1, 1,13) ( 0, 2, 6) ( 0, 0,44) 6 22.32
( 1, 1,17) ( 0, 2, 4) ( 0, 0,44) 7 24.30
( 1, 1, 9) ( 0, 2, 4) ( 0, 0,48) 7 24.31
( 1, 1,11) ( 0, 2, 4) ( 0, 0,48) 1 Table B1 . Lowest energies per vertex, ǫ 1/2 and ǫ 3/2 for S = 1/2 and S = 3/2 and highest magnetizations squared for S = 1/2 on odd-N bcc lattices Table B2 . Lowest energies per vertex, ǫ 0 and ǫ 1 for S = 0 and S = 1 and highest magnetizations squared for S = 0 on even-N bcc lattices
